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We propose a generalization of the recently proposed holographic duality between spin networks
and superstrings, and show that it can provide a possible solution to the cosmological constant
problem.
One of the most intricate problems in modern physics
consists of the fact that the observed value of the cosmo-
logical constant is much smaller than the value given by
particle physics (about 123 orders of magnitude). Such
a discrepancy between theory and observations has been
described as the ”the largest discrepancy between theory
and experiment in all of science” [1], and the ” worst the-
oretical prediction in the history of physics” [2]. Such a
problem has consequences for different aspects of our uni-
verse, e.g, for the structure formation and consequently
for the existence of life. In this case, a universe as ours,
with conditions to support life, would be very improvable,
and a fine-tuning mechanism for its initial conditions be-
comes necessary [3].
It is expected that a theory of quantum gravity must
shed some light on the issue of the cosmological constant
[4]. However, the road to a quantum description of the
gravitational phenomena has been a tough challenge. In
this sense, the main approaches for such purpose, super-
string theory [28], and loop quantum gravity (LQG) [6],
seem to address different aspects of reality.
In fact, in LQG the fundamental objects are spin
networks that describe a quantum dynamical spacetime
structure. However, there is not a scheme to unify the
fundamental interactions in this scenario. On the other
hand, in string theory, the fundamental interactions can
be described in the same unified quantum way through
vibrations of strings moving within a spacetime which is
smooth and continuous. Particularly, the gravitational
interaction is described in terms of vibrations of closed
strings. Other conflicts arise: string theory requires that
spacetime must have 10 dimensions, and needs the ex-
istence of supersymmetry. LQG, on the other hand, is
a four-dimensional theory, and supersymmetry is not a
feature of this treatment.
On the other hand, recently a holographic duality has
been established between string theory and LQG, where
it has been demonstrated that spin networks, as they ap-
pear in loop quantum cosmology (LQC), corresponds to
the holographic duals of closed strings living in a higher-
dimensional spacetime [7]. As the first application of this
result, the long-standing problem of the Big Bang singu-
larity in AdS/CFT has been solved.
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In the present work, we shall generalize the results ob-
tained in [7] by investigating how the quantum geometry
of a stack of N coincident identical branes can be built
by the use of LQC holonomies. The results found out will
lead us to a matrix theory that describes a generalized
spin network state, as those given in full LQG. Such a
matrix theory also provides the necessary mechanism for
tuning the value of the cosmological constant with that
given by observations.
In the next two sections, we shall review the results
found out in [7]. After, we shall demonstrate how such
results can be generalized and used to obtain the neces-
sary fine-tuning of the cosmological constant. Through-
out the paper, we shall take G = c = ~ = kB = 1.
- Cosmology and the Big Bang singularity avoid-
ance on a brane:
To address the cosmological evolution of the
braneworld spacetime, one can consider the flux of Hawk-
ing radiation through the universe horizon. For this flux,
we can associate the temperature [8–10]:
T = (2pir˜H)
−1 , (1)
where r˜H corresponds to the physical radius of the uni-
verse horizon, given for the flat universe case by
r˜H =
1
H
, (2)
where a FLRW metric induced on the brane has been
considered:
ds2FRLW = habdx
adxb + r˜2dΩ22 , (3)
with hab = diag(−1, a2), r˜ = a(t)r, and H = a˙/a.
As usual, a perfect fluid energy-momentum tensor to
the matter-energy contend of the brane is choosen, which
gives us an amount of energy that goes through the uni-
verse horizon during a time dt as [11]:
dQ = Aψ = A(ρ+ p)r˜H
(
1 +
ρ
σ
)
dt , (4)
where A = 4pir˜2H , and σ is the brane tension.
2It is important to observe that, from a global point of
view, the universe horizon enters in the bulk, in a way
that higher-dimensional effects must be taken into ac-
count to the calculation of its entropy. However, by con-
sidering the black hole holographic conjecture (BHHC)
[12], for regimes above the AdS length scale, such ef-
fects can be interpreted as semiclassical corrections on
the brane. In this case, the entropy
S =
A+
√
A2 − 2A2l
8
=
√
A2 −A2l
4
+O(≥ A6l ) , (5)
with Al = 4
√
2pil2, can be considered as that associated
with the universe horizon.
In this way, using the first law of thermodynamics,
dQ = TdS, and the temperature (1), it is possible to
obtain, by discarding higher-order corrections in Al:
H˙ = 4pi
√
A2 −A2l
A
(ρ+ p)
(
1 +
ρ
σ
)
. (6)
By the use of the continuity equation, one obtains yet:
8pi
3
dρ
dt
(
1 +
ρ
σ
)
=
A√
A2 −A2l
d(H2)
dt
. (7)
Finally, by integration, the following Friedmann equation
can be found out:
H2 =
4pi
Al
cos(Θ) , (8)
where Θ = ±
[
2Al
3 ρ
(
1 + 12
ρ
σ
)
− α
]
, and α is a phase
constant.
In the Eq. (8), the effective density term, appears in
the form of a harmonic function of the classical density.
It brings us a scenario where a bounce takes the place of
the Big Bang initial singularity, as the universe density
assumes a critical value. It consists of a very different sce-
nario from that given by the usual braneworld cosmology
[13].
Moreover, if one expands the right-hand side of the
equation (8) in a Taylor series, by discarding higher-order
terms in Al and 1/σ (the high energy terms), one obtains
H2 = A(α)ρ2 + B(α)ρ+ C(α) , (9)
where
A(α) =
4pi
9
(3 sin (α)
σ
− 2Al cos (α)
)
,
B(α) =
8pi
3
sin (α),
C(α) =
4pi
Al
cos(α) . (10)
The Eq. (9) can be written in the form
H2 =
8pi
3
ρtot
(
1− ρtot
ρc
)
, (11)
where ρtot = ρ+λ, with λ as the vacuum energy density,
and
ρ−1c =
1
6
(
2Al cos (α) − 3 sin (α)
σ
)
, (12)
1− 2λ
ρc
= sin (α) , (13)
cos (α) =
2Alλ
3
(
1− λ
ρc
)
. (14)
The Raychaudhuri equation can also be obtained for
this case
H˙ = −4pi(ρtot + ptot)
(
1− 2ρtot
ρc
)
, (15)
where ptot = p− λ.
In this point, it is possible to observe that, if one takes
the limit where Al → 0 in the Eqs. (12), (13), and (14),
by substituting the results in the Eqs. (11) and (15), one
can recover the usual braneworld cosmology Friedmann
equations [13], (preserving the condition Λ < ρc).
On the other hand, if one takes l = βlAdS in Al, with
β ≥ 1, by dircarding higher order terms in 1/σ, one gets
ρc ≈ 2σ (16)
In this way, ρc assumes the role of a critical energy den-
sity in the Eqs. (11) and (15). Such equations have
semiclassical corrections similar to that appears in LQC
[14–16].
For the vacuum energy density, we obtain:
λ ≈ 9
16pi2l4σ
, (17)
where we will leave it to fix the length scale l later.
- Spins networks on a brane as the holographic
duals of closed strings.
By using the techniques introduced by Singh and Soni
[17], it is possible to obtain from the Raychaudhuri equa-
tion (15), the following Hamiltonian for gravity on the
brane:
Hgrav = −3V
32piα2
(2− eip
√
∆ − e−ip
√
∆) , (18)
3where p corresponds to the conjugate momentum to the
volume V .
Besides,
α = (3/(32piρc))
1/2 ; ∆ = 6pi/ρc . (19)
In the equation above, α and ∆ have dimensions of length
squared, and ρc is a constant-energy density to be deter-
mined by the underlying theory [17].
From the equations above, one gets
∆ =
3pi
σ
. (20)
An important detail is that the Hamiltonian (18) is
not defined in terms of the conjugate momentum to the
volume p, but in terms of its complex exponentials. It
is a key point here since such exponentials consist of
holonomies, the building blocks of spin networks in LQG.
The appearance of such holonomies will not occur if
one consider the case of the usual braneworld cosmology
[17]. However, in the present scenario, it tells us that the
microscopic description of the braneworld spacetime can
be naturally provided by polymer quantization [18].
In fact, by simply promoting the exponentials in (18)
to operators, one gets:
Ĥgrav = −3V
32piα2
[2I−̂eip
√
∆ − ̂e−ip
√
∆] , (21)
where the shift operators ̂e±ip
√
∆ are defined by their
action on the quantum spacetime states.
For example, by considering the quantum state ψxn =
eipxn , in the momentum representation, one obtains:
̂e±ip
√
∆ψx = e
±i
√
∆peipx = ei(x±
√
∆)p = ψx±
√
∆ . (22)
From the results above, the action of the shift oper-
ators will correspond to a finite displacement equals to√
∆. Consequently, the Hamiltonian (21) tells us that
the braneworld spacetime degrees of freedom can be as-
sociated with a polymer structure, defined by a graph, in
the form of a regular lattice
γ√∆ = {x ∈ R | x = n
√
∆, ∀n ∈ Z} . (23)
The polymer structure above, which is similar to LQC
spin networks [19], provides a discreteness in the posi-
tion x, where the discreteness parameter is given by
√
∆.
As we can observe from the Eq.(20) the discreteness pa-
rameter will be defined by the brane tension.
We have also that the results above impose superse-
lection rules for the braneworld gravitational sector, in
such a way the universe will evolve through discrete in-
crements of the scale factor a (or some a function of it,
such as an area or volume). Such superselection rules
will also affect the bulk physics. One remembers that the
brane couples gravitationally to the bulk through closed
strings, that leaves and cross the brane, and whose cou-
plings, gs, are related with the brane tension as gs ∼ 1/σ
[28]. In this case, from the Eq. (20), one finds out
gs ∼ ∆. (24)
Consequently, the string spectrum in the bulk will be
constrained by the discrete evolution of the braneworld
spacetime.
Such polymer structures, that will correspond to the
quantum gravity degrees of freedom of a brane, differ
from the LQC ones only by the fact they are defined by
the brane tension and not by the Barbero-Immirzi pa-
rameter. However, as it was point out in [7], such a result
can bring us contributions to the solution of a longstand-
ing problem in LQG, the so-called Immirzi ambiguity [20]
since the brane tension can be dynamically determined
[28]. In this way, such results match the idea proposed
by several authors that a possible solution to the Immirzi
ambiguity could be found out in a possible dynamical de-
termination of the Barbero-Immirzi parameter [21–23].
- The cosmological constant for the case of a N
coincident branes universe.
Following in the lines of the AdS/CFT conjecture, we
shall consider that the matter-energy content of the uni-
verse is sourced by a stack of N identical branes, for some
large N . In the case where the branes coincide, the uni-
verse energy density will be transformed from the single
brane case as:
σ → Nσ. (25)
In this way, using the Eq. (17), we obtain the following
expression for the vacuum energy density:
λrenorm =
9
16pi2l4Nσ
=
λ
N
. (26)
The result above tells us that the value of the vacuum
energy density will depend on the number of branes in
the stack. Since such a number must be large, we must
have a small cosmological constant.
The point now is: how much small the cosmological
constant would be? To look for an answer to such a
question, we shall investigate how to build a stack of
branes by using the holonomies defined in the last section
as the building blocks, in a consistent way with the results
in the Eqs. (25) and (26).
In this way, since the holonomies describing the quan-
tum structure of a brane determine its tension, as a first
attempt, one could try to build a stack of such objects
by taking the holonomies related with a particular brane
and then make copies of it. However, if one considers the
4more general situation where we have no prior knowl-
edge about the quantum braneworld geometry, in order
to write the theory in an independent way from it, some
difficulty appears due to the no-cloning theorem of quan-
tum mechanics [24].
From such a theorem, it will not be possible to make
such copies, unless in the situation where the quantum
geometry states belonging to the different branes are en-
tangled a priori. In such a case, the system of branes
can be driven, through unitary operations, to a state
where the holonomies describing the branes are identi-
cal, which will ensure the validity of the Eqs. (25) and
(26). Moreover, in this situation, we can take advantage
of the fact that entangled spin networks will belong to
the same quantum state, in a way that they can be used
to describe the same quantum geometry, in agreement
with the fact that the branes are coincident, i.e, they fill
the same spacetime volume.
One can make advantage of the holonomies defined in
the last section to perform the entanglement among the
branes [25]. However, it is necessary to observe that there
will be several possibilities to weave such an entangle-
ment network, depending on the quantum state of each
brane. Consequently, the holonomies we shall use to link
the branes must carry some information about the quan-
tum systems they are connecting.
To add such kind of information to our description, we
shall equip the holonomies h = ̂e±ip
√
∆, introduced in
the last section, with a pair of indices (ij), where i will
be related with the source brane, and j with the target
brane, i.e:
h→ hij . (27)
The objects above will consist of N × N unitary ma-
trices which will contain all physical information about
the system of N branes. In such a representation, the di-
agonal elements carry the information about the branes
themselves. The elements out of the diagonal, by their
turn, carry the information about the connections among
the branes. In this way, the quantum state of a stack of
N branes will be given by a U(N) matrix theory.
From the geometrical point of view, a U(N) matrix
theory describes a fuzzy sphere, providing the diffeomor-
phism group on such manifold [26]. In this context, N
corresponds to the number of spacetime quanta on the
fuzzy sphere. Moreover, such a theory describes a general
spin network state as that appears in full LQG [27].
By considering such facts, we can consider N as the
number of spacetime quanta encoded on the universe
boundary. We shall take
N =
AUH
l2p
, (28)
where we shall take AUH as the area of the observable
universe horizon, and l2p is the Planck area.
Now, by taking into account the result for the cosmo-
logical constant found out in the equation (26) we obtain
λrenorm ≈ 0.9996632918× 10−124λ , (29)
The result above depends on the choice of the length
scale l in the Eq. (17). If we choose l = l(10) where
l(10) =
1
(2pi3σ)
1
4
(30)
is the 10-dimensional Planck length (the string theory
length scale [28]), we obtain
λ = 11.10330495ρP , (31)
where ρP is the Planck energy density (which corresponds
to the value of the vacuum energy, as calculated by the
standard model).
For the renormalized vacuum energy density, we obtain
λrenorm ≈ 1.109956638× 10−123ρP . (32)
Moreover, for the cosmological constant, we shall have,
for ρP = 1
Λ = 8piλ ≈ 2.789625295× 10−122 , (33)
The Eq. (33) gives us a fine-tunning to the cosmological
constant that agrees with the observations [29].
- Remarks and conclusions
In the present work, we have shown that one can ob-
tain, from the string/loop duality proposed in [7], a pos-
sible solution to the cosmological constant problem. To
do this, we have considered that the matter-energy con-
tent of our universe is sourced by a stack of N coincident
branes.
In this situation, the theory that will describe the
quantum state of the universe corresponds to a U(N)
matrix theory. From the geometrical point of view such
a matrix theory corresponds to a fuzzy sphere, where the
number N of branes in the stack corresponds to the num-
ber of quanta of area we have on the universe horizon.
Based on such results, the necessary fine-tuning between
the values for the cosmological constant, given by the
Standard Model, and by the observations, can be find
out.
The present results generalizes the duality proposed in
[7] to the case where we have full LQG spin networks
which can been shown to be described by an U(N) ma-
trix theory as that found out in the present work [27].
Moreover, we have shown that the such a duality has the
potential, not only to unify the results already obtained
by string theory and LQG but also to solve problems that
none of them have managed to solve so far. The results
found out in the present paper gives us also the first ob-
servational evidence for the string/loop duality proposed
in [7].
5[1] R. J. Adler, B. Casey and O. C. Jacob, Am. J. Phys. 63,
620-626 (1995) doi:10.1119/1.17850
[2] M. P. Hobson, G. P. Efstathiou and A. N. Lasenby, “Gen-
eral relativity: An introduction for physicists,” Cam-
bridge, UK: Univ. Pr. (2006) 572 p
[3] S. Weinberg, Phys. Rev. Lett. 59, 2607 (1987).
[4] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).
[5] K. Becker, M. Becker and J. H. Schwarz, New York, Cam-
bridge University Press (2007).
[6] C. Rovelli, “Quantum gravity,” doi:10.1016/B978-
044451560-5/50015-4
[7] C. Silva, Phys. Rev. D 102, no.4, 046001 (2020)
doi:10.1103/PhysRevD.102.046001 [arXiv:2008.07279
[gr-qc]].
[8] X. H. Ge, Phys. Lett. B 651 49 (2007).
[9] Y. Gong and A. Wang, Phys. Rev. Lett. 99 211301
(2007).
[10] R. G. Cai, L. M. Cao and Y. P. Hu, Class. Quant. Grav.
26 155018 (2009).
[11] R. G. Cai and S. P. Kim, JHEP 0502 050 (2005).
[12] R. Emparan, A. Fabbri and N. Kaloper, JHEP 0208 043
(2002).
[13] R. Maartens, Living Rev. Rel. 7 7 (2004).
[14] V. Taveras, Phys. Rev. D 78 064072 (2008).
[15] M. Bojowald, “Absense of singularity in loop quantum
cosmology,” Phys. Rev. Lett. 86 5227 (2001).
[16] A. Ashtekar, T. Pawlowski and P. Singh, “Quantum na-
ture of the big bang,” Phys. Rev. Lett. 96 141301 (2006).
[17] P. Singh and S. K. Soni, Class. Quant. Grav. 33 no.12,
125001 (2016).
[18] A. Corichi, T. Vukasinac and J. A. Zapata, Phys. Rev.
D 76, 044016 (2007)
[19] J. Mielczarek, Springer Proc. Phys. 157, 555 (2014)
[20] C. Rovelli and T. Thiemann, Phys. Rev. D 57, 1009
(1998)
[21] T. Jacobson, Class. Quant. Grav. 24 4875 (2007).
[22] V. Taveras and N. Yunes, Phys. Rev. D 78 064070 (2008).
[23] S. Mercuri, Phys. Rev. Lett. 103 081302 (2009).
[24] W. K. Wootters and W. H. Zurek, Nature 299, 802-803
(1982) doi:10.1038/299802a0
[25] J. Mielczarek, Universe 5, no.8, 179 (2019)
doi:10.3390/universe5080179 [arXiv:1810.07100 [gr-
qc]].
[26] W. Taylor, NATO Sci. Ser. C 556, 91-178 (2000)
[arXiv:hep-th/0002016 [hep-th]].
[27] F. Girelli and E. R. Livine, Class. Quant. Grav.
22, 3295-3314 (2005) doi:10.1088/0264-9381/22/16/011
[arXiv:gr-qc/0501075 [gr-qc]].
[28] K. Becker, M. Becker and J. H. Schwarz, “String the-
ory and M-theory: A modern introduction,” Cambridge
University Press, 2006.
[29] N. Aghanim et al. [Planck Collaboration], “Planck 2018
results. VI. Cosmological parameters,” arXiv:1807.06209
[astro-ph.CO].
